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Abstract 

For the ring of differential operators on a smooth affine algebraic variety X over a 
field of characteristic zero a finite set of algebra generators and a finite set of defining 
relations are found explicitly. As a consequence, a finite set of generators and a finite 
set of defining relations are given for the module Der^-(0(X)) of derivations on the 
algebra 0(X) of regular functions on the variety X. For the variety X which is not 
necessarily smooth, a set of natural derivations derx(C(A)) of the algebra O(X) and 
a ring D(0(X)) of natural differential operators on O(X) are introduced. The algebra 
T>(0(X)) is a Noetherian algebra of Gelfand-Kirillov dimension 2dim(A"). When X is 
smooth then der K (0(X)) = Der K (0{X)) and D(C(A)) = V(0(X)). A criterion of 
smoothness of X is given when X is irreducible (X is smooth iff 23 (0(A)) is a simple 
algebra iff O(X) is a simple 3}(0(A))-module). The same results are true for regular 
algebras of essentially finite type. For a singular irreducible affine algebraic variety 
X, in general, the algebra of differential operators T>(0(X)) needs not be finitely 
generated nor (left or right) Noetherian, it is proved that each term T>(0(X))i of the 
order filtration T>(0(X)) = Ui>oT>(0(X))i is a finitely generated left 0(X)-module. 

Mathematics subject classification 2000: 13X10, 16S32, 15S15, 13X15, U J 17 



1 Introduction 



The following notation will remain fixed throughout the paper (if it is not stated other- 
wise): if is a field of characteristic zero (not necessarily algebraically closed), module means 
a left module, P n = K[x\, . . . , x n ] is a polynomial algebra over K, d\ := . . . , d n : = 
1^— E Der^(P n ), / := YliLi-Pnfi is a prime but not a maximal ideal of the polynomial 
algebra P n with a set of generators fx, ... , f m , the algebra A := P n /I which is a domain 
with the field of fractions Q := Frac(A), the epimorphism 7r : P n — > A, p i— > p := p + /, 
to make notation simpler we sometime write Xi for Xj (if it does not lead to confusion), 
the Jacobi m x n matrices J = (§§-) G M m<n (P n ) and 7 = (J^) 6 M m>n (A) C M m . n {Q), 

r := rkq( J) is the rank of the Jacobi matrix J over the field Q, a r is the Jacobian ideal 
of the algebra A which is (by definition) generated by all the r x r minors of the Jacobi 
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matrix J (A is regular iff a r = A, it is the Jacobian criterion of regularity, 16.19), 
Qa is the module of Kahler differentials for the algebra A. For i = . . . ,i r ) such that 
1 < i\ < ■ ■ • < i r < m and j — (ji, ■ ■ ■ ,j r ) such that 1 < ji < ■ ■ • < j r < n, A(i, j) denotes 
the corresponding minor of the Jacobi matrix J = (Jr,), that is det( J^ Jm ), u, fi = 1, . . . , r, 
and the i (resp. j) is called non-singular if A(i, j') ^ (resp. A(i', j) ^ 0) for some j' 
(resp. i'). We denote by I r (resp. J r ) the set of all the non-singular r-tuples i (resp. j). 

Since r is the rank of the Jacobi matrix J, it is easy to show that A(i, j) ^ iff i G I r 
and j G J r ( Lemma 12. 1|) . Denote by J r+ i the set of all (r + l)-tuples j = (ji, . . . , j r +i) 
such that 1 < ji < ■ • ■ < j r+ i < n and when deleting some element, say j u , we have a 
non-singular r-tuple (ji, . . . , j u , . . . ,j r +i) G J r where hat over symbol here and everywhere 
means that the symbol is omitted from the list. The set J r +i is called the critical set and 
any element of it is called a critical singular (r + l)-tuple. Der k{A) is the A-module of 
ii'-derivations of the algebra A. 

The next theorem gives a finite set of generators and a finite set of defining relations 
for the left A-module Der^A) when A is a regular algebra. 

Theorem 1.1 Let the algebra A be a regular algebra. Then the left A-module Dei^iA) is 
generated by derivations dij, i G I r; j G J r+ i, where 

~df£ . _ . 9f n \ 



9fi r _ _ _ df ir 
dxj 1 dxj r+l 

that satisfy the following defining relations (as a left A-module): 

s 

A(i, j)^ d v = ^r(-ir 1+ ^A(i'; j[, ....l.... ,j' r+ i)^ (!) 
1=1 

for all i, i' G I r , j = (j h ...,>) G J r , and j' = . . . ,j' r+1 ) G 3 r+ i where . ..,£,} = 

{fl, ■ ■ ■ J'r+l}\ih, ■■■Jr}- 

The next result gives a finite set of generators and a finite set of defining relations for 
the .fT-algebra T>(A) of differential operators on A. 

Theorem 1.2 Let the algebra A be a regular algebra. Then the ring of differential oper- 
ators T>(A) on A is generated over K by the algebra A and the derivations dij, i G I r; 
j G J r +i that satisfy the defining relations (OP and 

dijX k = x k dij + dij(x k ), i G I r , j G J r+ i, k = 1, . . . , n. (2) 

More formally, as an abstract K-algebra the ring of differential operators is generated 
by elements xi,...,x n and dij, i G I r , j G J r+ i that satisfy the following defining relations: 

fl ' fm 0, XiXj XjXi, i,j 1, . . . , 71, (3) 
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dijX k = Xfcdij + dij(x k ), i <E I r , j G J r+ i, k = l,...,n, 



(4) 



A(i, j)drj, = ^(-l)'-+ 1 +^A(i';i{, . . . ,f Ui , . . . , j'^d,^ (5) 
1=1 

for all i, i' G I r; j = (ji, . . . , j r ) G J r , and j' = . . . ,f r+1 ) G J r+ i w/iere {j^, . ..,#.} = 
. . . , • • • j Jr}; anc ^ / or eac ^ i G Ir; j' G J r +i, and for a permutation a G S r +i, 

i/ie elements (i)v ..j CT(r+1) , means t{a)d\ t - } i where e(a) is t/ie parity of a. 

Remark. The element <9ij(xfc) in (j2J) (and the element <9ij(xfc) in (£Q)) means (— l) r+1+s 
A(i;ji, . . . ,j s , . . . ,j r +i) if k = ] s for some s where j = (ji, . . . , j r +i), and zero otherwise. 

The algebra A is the algebra of regular functions on the irreducible affine algebraic 
variety X = Spec(v4), therefore we have the explicit algebra generators for the ring of 
differential operators T>{X) = T>(A) on an arbitrary smooth irreducible affine algebraic 
variety X. Any regular affine algebra A' is a finite direct product of regular affine domains, 
A' = n^i^*- Since D(A') ~ n^Li^O^); Theorem \1 .2\ gives algebra generators and 
defining relations for the ring of differential operators on arbitrary smooth affine algebraic 
variety. Since Der^(A') ~ @* =1 Der^(Aj), Theorem gives generators and defining 
relations for the left A' -module of derivations Der^^')- 

Recall an important criterion of regularity for the algebra A via properties of the 
derivation algebra A(A), it is a subalgebra of the ring of differential operators T>(A) 
generated by the algebra A and the derivations Der^-(A). 

Theorem 1.3 (Criterion of regularity via A(A), 15.3.8) The following statements are 
equivalent. 

1. A is a regular algebra. 

2. A (A) is a simple algebra. 

3. A is a simple A(A)-module. 

In the general case (when A is not necessarily regular) the A-module der^(A) := 
• ~- -| Ad; ; is called the A-module of natural derivations of A. The algebra of 
natural differential operators D (A) is a subalgebra of T>(A) generated by A and 
der k{A). It is always a (left and right) Noetherian algebra of Gelfand-Kirillov dimension 
2Kdim(A) fLemma 13. 9j) . The left ^-module der k{A) and the algebra D(A) do not depend 
on the presentation of the algebra A as a factor algebra P n / 1 (Theorem 12. 2|) . Clearly, 
D (A) C A(A) C T>(A). In general, the inclusions are strict [eg, for the cusp y 2 = x 3 ). If 
the algebra A is regular then D{A) = A(A) = T>(A) ( Theorem II. 2|) . The next result is a 
similar criterion of regularity as Theorem II .31 but using properties of the algebra D (A). It 
is a practical criterion as we know explicitly the generators of the algebra D{A). 

Theorem 1.4 (Criterion of regularity viaD(A)) The following statements are equivalent. 
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1. A is a regular algebra. 

2. D (A) is a simple algebra. 

3. A is a simple D (A) -module. 

Remark. It is an interesting fact that the coefficients in the defining relations and 
the coefficients of the dj v when one expands the determinant <9ij are generators for the 
Jacobian ideal a r that determines the singular locus of the variety X = Spec(A). 

If the algebra A is regular then the ring of differential operators T>(A) is a finitely 
generated Noetherian algebra. If A is not regular then, in general, the algebra T>(A) need 
not be a finitely generated algebra nor a left or right Noetherian algebra, |2 3 , the algebra 
T>(A) can be finitely generated and right Noetherian yet not left Noetherian, [Jj. Though, 
a kind of finiteness still hold for a singular algebra A. 

Theorem 1.5 Let T>(A) = Ui>oV(A)i be the order filtration ofT>(A). Then, for each 
i > 0, T>(A)i is a finitely generated left A-module. 

The paper is organized as follows. Section |2] contains technical results that are used 
throughout the paper. The first parts of Theorems 11.11 and 11.21 are proved (Theorem 
12.5)1 . It is shown that the module of natural derivations der k{A) of A and the ring D (A) 
of natural differential operators on A are invariants for the algebra A, i.e. they do not 
depend on the choice of generators for the ideal / and on the choice of a presentation of 
the algebra A as the factor algebra P n /I (Theorem 12.2)1 . Similar results are true for the 
modules of 'higher' natural derivations deiK{A) s , s = 1, . . . , r (Theorem 12.18)) . Theorem 
I2.12l describes explicitly the A-module of derivations Der^(y4). It is proved that the tangent 
space T(X) X := Der K (A m , k m ) at a simple point x = x m of the variety X = Spec(v4) is 
canonically isomorphic to Der^(A m )/mDer^(y4 m ) ( Corollary 12. 17)1 . and that for a singular 
point, in general, this is not the case (even in the case of an isolated singularity, the cusp, 
y 2 = x 3 at x = y = 0). 

In Section El Theorems 11.1) fT"2l and [T~4l are proved. As a byproduct, a short elemen- 
tary direct proof is given of the fact that the algebra T>(A) of differential operators on a 
regular algebra A is a simple Noetherian algebra generated by A and Derx(A) (Theorem 
13.7)1 . For an arbitrary (not necessarily regular) algebra A, the Gelfand-Kirillov dimension 
GK(D(A)) = 2Kdim(A) (the Krull dimension) and the (left and right) Krull dimension 
Kdim(A) < Kdim(£>(A)) < 2Kdim(A) (Lemma ESJ). 

In Section the same results as Theorems 11.11 11.21 and 11.41 are proved but for regular 
algebras of essentially finite type fTheorems 14.21 l4~3*l and 14.4)) . 

In Section Theorem 11.51 is proved (Proposition ESI)- 
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2 Generators for the ring of differential operators on 
a smooth irreducible affine algebraic variety 

In this section, the A-module of natural derivations der^(A) and the ring of natural dif- 
ferential operators 3) (A) will be introduced. Their definitions are given for a presentation 
of the algebra A as a factor algebra P n /I and for a set of generators of the ideal /. It will 
be proved that, in fact, der^ (A) and D (A) are invariants for the algebra A (they do not 
depend on the presentation and on the choice of generators, Theorem 12 .2jl . Similar results 
are true for higher natural derivations der^(A) s that will be introduced at the end of this 
section. 

Let B be a commutative TX-algebra. The ring of (TX-linear) differential operators 
T>{B) on B is defined as a union of S-modules T>{B) = U°Z T>i(B) where T> (B) = 
End R (B) ~ B, ((x i-> bx) <-> b), 

T>i(B) = {u G Endx{B) : [r,u] : = ru — ur G T>i_i(B) for each r G -B}. 

The set of S-modules {T>i(B)} is the order nitration for the algebra T>(B): 

T> {B) CP 1 (B)O..CD i (B)C... and Vi{B)V s {B) C D i+J (P), z, j > 0. 

The subalgebra A(B) of T>(B) generated by .B = End^(5) and by the set Der^-(-B) of 
all TX-derivations of B is called the derivation ring of B. 

Suppose that B is a regular affine domain of Krull dimension n < oo. In geometric 
terms, i? is the coordinate ring 0(X) of a smooth irreducible affine algebraic variety X of 
dimension n. Then 

• Derx(-B) is a finitely generated projective B-module of rank n, 

• V{B) = A(B), 

• T>(B) is a simple (left and right) Noetherian domain with Gelfand-Kirillov dimension 
GK V{B) = 2n(n = GK (B) = Kdim(S)). 

For the proofs of the statements above the reader is referred to jSj, Chapter 15. So, the 
domain T>(B) is a simple finitely generated infinite dimensional Noetherian algebra (jH], 
Chapter 15). 

The gradient map V = (di, . . . , d n ) : P n — > P™, p i— > (J^-, . . . , J^-) satisfies the following 
property: V(pq) = V(p)q + pV(q) for all p,q G P„. It follows that 7?. = IZj := (VI + 
IP™) /IP™ is the A-submodule of A n generated by the rows of the Jacobi matrix J. The 
^4-module IZi is the module of relations for the module of Kahler differentials Q^. 
— > 7?./ A A n — > — > is the short exact sequence of A-modules where i is the 
natural inclusion. The rank r = rkg(^) of the Jacobi matrix over the field Q is equal 

to dim Q (Q7e 7 ). A n = ®- = i Ae i C Q n ':= 0" =1 C?e< where = (1, 0, . . . , 0), . . . , e n = 
(0, . . . , 0, 1). Inclusions of A-modules TZ C A n C Q n induce A-module homomorphisms 
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of the exterior algebras over A: f\*TZ — > f\* A n C /\*Q n . For each = 1, ...,n and 
1 < zi < • • • < ik < n, let Pi u ,„ t i k '■ /\ k 7Z — > A be the composition of two maps: /\ 1Z —> 
/\ A n ^ /\ Q n and the natural projection map f\ Q n — > Qe^ A • • • A e* fc — Then 
afc := '^2i<i 1< ... < i k < n Ph,...,i k (A k ^) * s an ideal of A. So, i/ie zdea/ generated by all the 
kxk minors of the Jacobi matrix (ff 1 ) and does not depend on the choice of the generators 
of the ideal I. In particular a r+ i = • • • = a n = 0, ai D 02 ~D ■ ■ ■ D a r 7^ 0, a^aj D Ck+j for all 
In particular, D ai for all i. The ideals are called the Jacobian ideals for the 
algebra A. It is well known that that Jacobian ideals a r , a r _i, . . . , ai are invariant of the 
algebra A = P n /I in the sense that if a : A ~ P n >/I' is another presentation for the algebra 
A and a' r ,, o',/_ 1; . . . , a[ are the corresponding Jacobian ideals then a(a r ) = a' r ,, cr(o r _i) = 
a' r ,_i, . . . ([Sj, p. 405). This is true because the Jacobian ideals are the Fitting ideals for 

the module of Kahler differentials f2^: — > TZj A A n — > fi^ — > 0, it is well known that the 
Fitting ideals are invariants of a finitely presented module ([I], see also 20.4). 

Given an rax n matrix B = (By) with entries from an arbitrary field, 1 < i\ < ■ ■ ■ < i r < 
n and 1 < jx < ■ ■ • < j r < n. The determinant of the r x r matrix (by) where % = ii, . . . , i r 
and j — ji . . . ,j r is called the minor of the matrix B denoted A(i 1; . . . ,i r ; ji . . . ,j r ). The 
n x n matrix B = (by), by := (— l) i+3 'A(l, . . . ,j, . . . , n; 1, . . . , i, . . . , n) is called the adjoint 
matrix to B or the matrix of cof actors of B where the hat over a symbol means that it 
is missed on the list. The adjoint matrix has the property that BB = BB = det (B)E 
where E is the identity matrix. In particular, det (B)5ij = J2k=ibikbkj = J2k=i^ikbkj for 
all i,j — 1, . . . , n, where 5ij is the Kronecker delta. 

For each r-tuple i = (ii, . . . , i r ) where i ly . . . ,i r 6 {1, . . . , m} and (r + l)-tuple j = 
(ji, . . . , jr+i) where ji, . . . ,j r +i € {1, . . . , n}, consider the i^-derivation of the polynomial 
algebra P n given by the rule: 

/ 9fh . .. \ 
dxj 1 dxj r+l 



UJ, 3r+l 

where the determinant means 

r+l 

S U = ^2(- 1 Y +1+kA ( i li---i i r-,Jl,---,jk,---,]r+l)d jk 
k=l 

r 

= A(ii, . . .,i r ;ji, ■ ■ ■ ,jr)9 jr+1 - 2J A(ii, . . .,i r ;ji, ■ ■ ■ ,j k -i,jr+i,jk+i, ■ ■ -,jr)d jk 

k=l 



■,lr;jl,---,Jr+l 



det 



df ir 

dx h 

\9n 



where di :— £ Der^-(P n ). The definition of 5ij makes sense as the Krull dimension of 
the algebra A is Kdim(A) = n — r > 0, and so r < n and r < m. If the algebra A were 
a field then 8^ would make no sense. Let S r be the symmetric group of order r and e(o~) 
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be the sign of a permutation a G S r . For cr G S r and r G SV+i, ^v (1) ,...,v (r) ;j T(1) ,...,j T(r+1) = 
e(c)e(r)5i 1) .. . t i r -j lt ...,j r+1 - Since (recall that r is the rank of the Jacobi matrix J) 

^ij(A) = mod I, k — l,...,m, (7) 

we have Sij(I) C 7 for all i and j. So, each derivation <5ij of the polynomial algebra 
P n induces the /^-derivation <9ij of the algebra A := P n /I which is given by the rule 
+ I) := ^ij(p) + ^ One can write 



/ a/^ \ 

dxj 1 dxj T+1 



^iJ ~~ ,j r +l :— ^et 



9 fi r dfir 



dxj 1 dxj r+1 

V 9 h ■ ■ ■ 9 ir+l J 

Example. Let I = (xi, . . . , x r ) be an ideal of the polynomial algebra P n = K[xi, . . . ,x n ), 
r < n. Then A = P n /I ~ K[x r+1 , . . . , x n ] is a polynomial algebra and = 
k = r + 1, . . . , n where i := (1, . . . , r). 

The next lemma is a result of linear algebra and an easy (but rather technical) conse- 
quence of the fact that r is the rank of the (Jacobi) matrix. 

Lemma 2.1 i G I r and j G J r -v=> A(i,j) ^ 0. 

A proof will be given after Lemma 12.101 We do this in order to avoid unnecessary tech- 
nicalities at this stage of the paper and to make clear what is really important in finding 
the generators for the ring of differential operators T>(A). 

It follows from the definition of the derivations d\ j and Lemma 12.11 that d\ j ^ iff 
i G I r and j G J r +i- 

Definition. For the algebra A = P n /I and a given set fi, ■ ■ ■ , f m of generators for the 
ideal /, we denote by der k{A) the A-submodule of Der^(y4) generated by all the derivations 
<9ij (see ©), then der K (A) = Yliei r jeJ r i (^y Lemma l2~Tj) . We call der K (A) the set 
of natural derivations of A, and an element of der k(A) is called a natural derivation 
of A. A derivation of A which is not natural is called an exceptional derivation, the 
left A-module Der k{A) / der k {A) is called the module of exceptional derivations. The 
algebra of natural differential operators ®(A) is the subalgebra of T>(A) generated by 
A and derx(A). 

Example. For the cusp, A = K[x,y]/(x 3 — y 2 ), we have Derx(^) = AS + Ad and 

f3x 2 —2y\ 

der K (A) = A5 where 5 := det [g d ) = ~*~ ^z?dy anc ^ 9 := X V $ = 2xd x + 3yd y 

(the Euler derivation). So, the Euler derivation d is an exceptional derivation. 
If the algebra A is regular then der^(yl) = Der^-(yl) ( Theorems 11.11 and 12 ,5|) . 

Question. Does der^(A) = Derx(A) imply that A is regular? 

The group Ant k{A) of .fT-algebra automorphisms of the algebra A acts in a natural way 
(by changing generators) on the derivations Der^(v4), a (5) := a o 5 o cr -1 for a G Aut^(^4) 
and S G Ber K (A). 
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The derivations <9ij depend on the choice of generators of the ideal I. There are two 
natural questions: (1) Does dei K (A) depend on the choice of generators for the ideal II (2) 
Does der^-A) depend on the presentation P n /If (i.e. given a i^-algebra isomorphism a : 
P„./I — > P n '/I', is crder^(P n //)cr _1 = der^(P n / //')?) The next theorem gives affirmative 
answers to both questions, and so the module of natural derivations deYx(A) is an invariant 
of the algebra A. 

Theorem 2.2 1. The A-module derx{A) does not depend on the choice of generators 
for the ideal I. 

2. The set of natural derivations der^A) does not depend on the presentation of the 
algebra A as a factor algebra P n /I . 

3. The ring 3) (A) of natural differential operators on A does not depend either on the 
choice of generators for the ideal I or on the presentation of the algebra A as a factor 
algebra P n /I. 

Proof. 1. Given another set, say g±, . . . , gi, of generators for the ideal /. Let derx(A)' be 
the corresponding submodule of Der^A) of g-natural derivations. Then fi = Y2k=i a ik9k 
for some a ik € P n , and so V/* = J2k=i «ifcV^ fc (mod I). For j = (j h . . .,j r +i) and fi, let 
Vj/i := (#-, . . • , q^—) = Td'=i Otf'Vjflfi/ and let Vj := (d h , . . . , d jr+1 ). The derivations 

9ij can be written as the exterior product (the determinant) Vj/^ A • • ■ A Vj/j r A Vj, where 
i = (ii, . . . ,i r ). Substituting the expression for each V fi v in the product, we see that 

9 iJ = ^det(a M 0^, j (9) 

i' 

where i' = . . . , i' r ) runs through all the r-tuples such that 1 < i' x < ■ • • < i' r < I, is 
an r x r matrix with (y, /x)-entry equal to a^r, and d[, j is the derivation © for the second 
choice of generators. It follows that der^(A) C derx(^4)'- By symmetry, the opposite 
inclusion is also true which proves that der^(^4) = derx(^4)'- 

2. Given another presentation P n i/I' for the algebra A where P n i := K[x[, . . . ,x' n ,]. 
Fix a commutative diagram 

Pn+ri = P n ® Pn 1 

" 

P P i 

w 

Pull - Pn'/I' 

The idea of the proof is to use the first statement. The LHS of the diagram gives a natural 
algebra isomorphism P n+n ,/I" ~ P n /I where /" := (f u . . . , f m , x[ - g u . . . , x' n , - g n >) for 
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some polynomials g h ...,g n < G P n . Set x n+1 := x[ , . . . , x n+n > := x' n ,. Then P n+ri , = 
K[xi, . . . ,x n+n '} and, for the presentation A ~ P n+n //I", the corresponding Jacobi matrix 

J G M n+n i (A) has the form ( ?, ) where P is the identity n' x matrix. The rank of 



this matrix is r+n'. So, the canonical generators for the presentation P n + n t / 1" has the form 
&{i := <9i,n+i,...,n+ri';j,n+i,...,rH-n' where i G I r and j G J r +i- The actions of the derivations d"- s 
and 9ij on the generators X\, . . . ,x n of the algebra A = P n j I = P n + n ' / 1" coincide, therefore 
d[ j = and so deix(A) = derx(^4)" (it is in fact a natural isomorphism). By symmetry, 
we have derx(^4)' — derx(A)", and the result follows, where der^(y4)' and der^(A)" are 
the natural derivations for the presentations P n > / V and P n+n > / 1" respectively. 
3. Evident. □ 

Corollary 2.3 1. The set of natural derivations derx(A) (as a subset of DeiK(A)) is 
invariant under the action of the group Autx(^4) (i-e. derx(^4) does not depend on 
the choice of generators for the algebra A induced by an automorphism). 

2. Derx (^4)/derft-(A) is an Aut^( A) -module. 

Clearly, &er K (A) C Der^(A, a r ) = {5 G Eom K (A,a r ) \5(ab) = S(a)b + a8(b) for all 
a, b G A}. 

Question. Which property (if any, i.e. derx(^4) = Derx(A, a r )) does distinguish the 
set of natural derivations derx(A) in the set Derx(^4, a r ) of all derivations from A to the 
Jacobian ideal a r ? 

Recall that Der^(P n ) = @™ =1 -P„<9 i . For any derivation 5' G Der K (A) one can find a 
derivation 5 G Der^(P n ) such that 5n = ird', equivalently 5(1) C I and 5'(p) = 8(p) for 
all p G P n . Any derivation 5 of the polynomial algebra P n such that 5(1) C I induces the 
derivation 5' of the algebra A by the rule above. So, 

Der^A) = Der K (P n /I) ~ {6 E = /} ^ {f>^ G©^:7a = 0}, 

iueT K {r n ) . =1 , =1 

_ (10) 
where J = (^) is the Jacobi matrix and a = (a\, . . . , a n ) T is a vector column. 

Proposition 2.4 1. A(i ly . . .,i r ;ji, ■ ■ ■ , j r )~Der K (A) C V ; . . \<), : , :;i ; .;, for all 1 < 

z'l < • • • < i r < m and 1 < ji < ■ ■ ■ < j r < n where k runs through the set 
{1, . . . ,n}\{ji, . . . ,j r }. If A(«i, . . . ,i r ',ji, ■ ■ ■ ,jr) 7^ then the sum above is the direct 
sum. 

2. a r Der^(A) C dev K (A) C (J™ = i a ^) H Der K (A). 

Proof. 1. It suffices to prove the first statement in the case when = 1, . . . , i r — r and 
ji = l,...,j r = r. By (HEJ), Der x (A) = {XT=i a ^ | </a = 0} where a = (a 1; . . . , a n ) T G A n 
is a vector column. So, Ja = is the system of m linear equations with unknowns {a{\. 
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The first r equations of the system can be written in the matrix form as Bb = —Cc 
where B = (fk)ij=i,..., n c = (§^Tfir+C,m^ b = (ai, ■ ■ ■ , a r ) T , and c = (a P+1 , . . . , a n ) T . 
Multiplying the equation Bb = —Cc by the adjoint matrix B = (by) of B one has det(B)b = 
BBb = —BCc. In the matrix form, the derivation 5 = Yj7=i Der^A) can be written 

as 5 = Vi& + V2C where Vi := (di, . . . , d r ) and V2 := (d r +i, • • • , 9 n ) and the products are 
formal, that is no action of the derivations di is assumed here and till the end of the proof. 
This is done only to simplify notation in the rest of the proof that follows, but if the reader 
feels uncomfortable with this assumption then apply the transpose to the equalities below 
and then the coefficients are on the left from derivations and no assumption is needed. Let 
A = A(l, . . . , r; 1, . . . , r) and i = (1, . . . , r). Then A = det(B) and 

A<5 = det(B)5 = Videt(S)6 + V 2 det(£)c = (V 2 det(5) - ViBC)c 
= ai(det(B)di - b ^-^; d j) 

i=r+l j,k=l 
n r 

= ^(Adt-^A(i;l,...,j-l,i,j + l,...,r)d i ) 

i=r+l j=l 

n r 

= a i ((-l) r+1+r+1 Ad i +J2(-^ r+1+j ^A,---3,---,r,i)d j ) 

i=r+l j=l 
n 

i=r+l 

by ©, as required. If A 7^ then, by JSJ), the sum in the first statement is direct (an 
alternative argument: the rank of the A-module Derx(^4) is Kdim(A) = n — r, the sum 
above contains n — r summands, so it must be a direct sum). 

2. Since the set of all the nonzero minors A(ii, . . . ,i r ',ji, ■ ■ ■ ,j r ) is a generating set for 
the Jacobian ideal a r , the second statement follows from the first. □ 

The following theorem proves the first parts of Theorems 11.11 and 11.21 

Theorem 2.5 Suppose that the algebra A is a regular algebra. Then 

1. Der x (A) = dei K (A). 

2. The algebra of differential operators T>(A) is generated by the algebra A and the 
derivations <9ij, i G I r , j G J r+ i- 

Proof. 1. The algebra A is regular iff the Jacobian ideal a r is equal to A. So, statement 
1 follows immediately from Proposition 12.41 (2) : Der k(A) C der k(A) C Der^A). 

2. It is a well-known fact that for a regular affine commutative algebra A, the algebra 
of (iT-linear) differential operators T>(A) is generated by A and Der^(^4) (see jH], 15.5.6, 
and also Theorem 13 ,7j) . □ 

As a corollary of Proposition l2.4l we have a short direct proof of the following well-known 
result 0, 15.2.11. 
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Corollary 2.6 Suppose that the algebra A = P n /I is a regular algebra. Then Der^A) is 
a projective left A-module. 

Proof. Let Ai,...,A/ be all the nonzero minors from Proposition 12.41 (1) and, for 
each i = A^Der^A) C Vi := J2k^h,---,ik;ji,-,jr,k — A n ~ r be the corresponding 

inclusions. Denote by A the diagonal map Der^A) — > V := © i=1 Vi, 5 i— > (Ai<5, . . . , Aj5). 
The minors Ai, . . . , A; are generators for the Jacobian ideal a r which is equal to A since 
the algebra A is regular. So, 1 = Yl\=\ a i^i f° r some elements a, G A. The module "P is 
free (isomorphic to A i<n-r )) and the A-homomorphism 7 : V — >• Derx(A), (wi, ...,«;) 1— > 
^• =1 ajUj satisfies 7A = idD erjf (yi), the identity map. Hence the A-module Der^A) is a 
direct summand of the free A-module V, therefore it is a projective A-module. □ 

Lemma 2.7 dex K {A){A) := J2 ie i r JeJr+1 Ad^{A) = a r . 

Proof. Denote by S the sum. By Proposition 12.41 (2). S C a. r . The nonzero minors 
A(zi, . . . ,i r ;ji, ■ ■ ■ ,j r ) form a generating set for the ideal a r . Since di lt ... ) i r .j 1) ... t j r> k(xi s ) = 
A(zi, . . . ,i r ;ji, . . . ,j r ) for any k G {1, . . . . . . ,j r }, it follows that a r C E, hence 

S = Or. □ 

A combination of Lemma 12.71 with Theorem 12.21 gives a short proof that the Jacobian 
ideal a r is invariant for the algebra A. 

Corollary 2.8 Given another presentation, say P n >/I' ' , for the algebra A = P n /I and let 
a r r be the corresponding Jacobian ideal. Then a r > = c(a r ) where a : A — > P n >/P is an 
algebra isomorphism. 

Proof. By Theorem l2~2l deT K {P n ,/I') = ader K {A)a- 1 . By Lemma l2~71 a{a r ) = 
a(der K (A)(A)) = ader K (A)a- 1 a(A) = der K {P n , / P)(P n , / 1') = a r >. □ 

The Jacobian ideal a r defines the singular locus of the algebra A in the sense that a 
prime ideal p of A contains a r iff A p is not a regular local ring (|3|, 16.20). 

The next result shows that natural derivations detect singularities. 

Corollary 2.9 Suppose, in addition, that the field K is algebraically closed, let m be a 
maximal ideal of A. Then a r C m der(A)(m) C m. 

Proof. If a r C m then, by Lemma l2~7] der(A)(m) C der(A)(A) C a r C m. 
If o r ^ m then A(i, j) ^ m for some i and j = (ji, ■ ■ ■ ,j r ) and dijj r+1 (xj r+1 — A) = 
dijj r+1 (xj r+1 ) = A(i,j) G" m where A G if satisfies x jr+1 — A G m. Therefore, der(A)(m) % m. 

□ ' 

From this moment ant till the end of Lemma 12.101 we will not use Lemma 12.11 

For the algebra A = P n /I, a set Xj 1 , . . . , Xj r is called a non-singular set if there exit 

elements, say gi, . . . , g r G /, such that det(^-) 7^ in A where i, k = 1, . . . , r. In this case 

ax ik 

we say that the indices ji, . . . ,j r and the set gi,...,g r are non-singular. 
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Lemma 2.10 Suppose that Xj t , 
polynomials g\, . . . , g r G /. Then x^ x 



,Xj r is a non-singular set, i.e. det(J^-) ^ /< 



or some 



3k 



. ,Xk is a non-singular set iff det(-S^-) 7^ 0. 
Proof. Xj^, . . . , Xk r is a non-singular set iff det(^ 



hi, . . . ,h r G I where v = 1, . . . ,r. The r x r matrices G : 
M r (Q) are invertible, hence the two sets of vectors Gi 



7^ in A for some polynomials 



dgj 



dhj 



- dxi ' 



' dx n h 



dx kv I 

. , r and 



ifi = (|^, . . . , J^), i = 1, • • • , r, of the vector space Q n (over the field Q) are Q-linear 



independent, and are bases for the r-dimensional Q- vector space Vj C Q n generated by 
the elements (J^-, • • • , ^-), f I- So, there exists an invertible matrix, say 73 G GL r (Q), 



such that B 



(Gx\ 



\G r ) 



\H r ) 



Let H' 



dhi 



G" := 



* dx 



kv ' 



G M r (Q). Then 5G" = # 



and BG = H', and so the matrices H' and G' are invertible, and the result follows. □ 

Proof of Lemma 12.11 Given i G I r and j G J r , then A(i, j') 7^ and A(i', j) 7^ for 
some i' and j'. Then, by Lemma \2. 101 A(i,j) 7^ 0. 

If A(i, j) 7^ then obviously i G I r and j G J r . So, i G I r and j G J r iff A(i j) 7^ 0. □ 
Given i = {ii, . . . ,i r ) G I r and j = (ji, . . . , j r ) G J r , then A = A(i, j) 7^ 0. For each 



J 



1, . . . , n, consider the vector-column 



Vi,j = v ilt 



i=l 



u=l 



k=l 



Clearly, A • • • A v- h j r = A(i, j)ei A • • • A e r . For each v = 1, . 
exterior product, i.e. A • ■ • A (•) A • • • A Vij r = A i j i/ (-)ei A • • 
map 



, r, omitting vij v in the 
A e r , gives the Q- linear 



:Q r ^Q, q = ^ fte* i-> det 



i=i 



/dfn 

dx n 



9hr 
\ 9x Jl 



dxj 



dfi, 



dxj 



Qi 



Qr 



dfn 



dx 



dfi, 



3v + l 



dfn 



dfir 

dx jr ) 



Clearly, A -1 Aij v (vij) = 5 Viil for all v, \i = l,...,r. The set of linear maps A _1 Aij i/ : 
Q r — > Q, v = 1, . . . , r is the dual basis to the basis fi^, . . . , Vij r for the vector space Q r . 
So, the Q-linear map A -1 Ai,j„(-)vij v : Q r = ©I =1 Qv i,^ — > Qfij,, is the projection onto 
the j/'th direct summand, hence the identity map id = idgr has the following presentation 



id = A- x X) A u-('K> 



i/=i 



If j' = (ii) • • • > Jr) i s another non-singular set of indices then, by Lemma [2.1 (Jl A(i, j') 7^ 0. 
v := {vij 1 , . . . , v- h j r ) and v' := (vijt , . . . , fij;) are bases for the vector space Q r . Using (fTTj). 
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the change-of-basis matrix (V = vHiQ,}')) is equal to H\(j, j') = A(i,j) 1 (Aij i/ (uij/ )), the 
(z/, /i)-entry of it is 

A(i, j)~ 1 A lii „(vi t ,v)) = A(i, j) _1 A(i; ji, . . . ,j v -uj'^j v+ i : . . . ,j r ). 

Note that each element of the matrix ifi(j, j') is the ratio of two elements from the canonical 
set of generators for the ideal a r . Since r is the rank of the Jacobi matrix J, the matrix 
Hi(j,y) does not depend on i, i.e. -f^i(j,j') = for all non-singular i, i',j,j'. 

Similarly, v = v'H(j',j) where #(j',j) = A(i, j')(Ai,,v (fyj), the (u, /x)-entry of the 
matrix is A(i, j') -1 ^ (uijj) = A(i, j') _1 A(i, j[, . . . , j' v _^ j M , • • • , j'O- 

Clearly, #(j, j')" 1 = #(j',j) or, equivalently, 

(Ay/ (i^JXA^fa^)) = A(i, j)A(i, 

where E is the identity matrix. Equating the determinants of both sides one gets 

det(A i ^( Uiij J)det(A ij> ( Ui ^)) = (A(i, j)A(i, j')) r . 

Clearly, If (j, j')#(j'J") = for all non-singular 

If Aj/j 7^ for some i' = ...,i' r ) then A(i'J') ^ (Lemma HHUD- For each % = 

1, . . . , m, let Fi := (§^, ■ ■ ■ , J-^-) G Q n . In the proof of Lemma \2. 101 we have seen that the 
sets Fi 1} . . . F ir and F# , . . . F^ are bases for the Q-vector space Vj := YlT=i QF — Q n - Let 
V(i', i) G GL r (Q) be the change-of-basis matrix written in the 'vertical' form: 



( F ^ 




(F h \ 


= v(i',i) 




w 







Clearly, ^(i',!)- 1 = V(i,i') and i) = i) for all non-singular 

Let 

— — df- 

J(i, j) = J(ix, . . . , v; jx, . . . , Jr ) : = (^) G M r (A), k, I = 1, . . . , r. 

Then 

J(i',j')=K(i , ,i)J(i,j) J f/(j,j / ) (12) 
for all non-singular i, i',j,j'. Since iJ(j,j) = E and V(i, i) = E, it follows from (|T2*|) that 

V(i',i) = J(i',j)7(i,j)- 1 and = J(i,j)- 1 J(i,j / ), (13) 

for all non-singular i, i', j, j'. Taking the determinant of both sides of (|T2jl . we have the 
equality 

A(i'J') = det(y(i',i))A(i,j)det(i?(j,j / ))- (14) 
Finding the determinant of the matrices V(i', i) and HQ, j') using (JT3*|l and then substitut- 
ing them in (|T3j) we find that 

A(i',j')A(i,j) = A(i',j)A(i,j'). (15) 
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Corollary 2.11 For any i G I r andj G J r , a r = ^i' e i r j' e j r Adet(V(i', i)) A(i, j) det(F(j, j')). 

Proof. a r = ^ ; , eIj j, gJr A A(i', j'), and the result follows from (jlljl. □ 
Theorem 12.121 describes the derivations of an arbitrary (not necessarily regular) affine 
domain (which is not a field). 

Theorem 2.12 Given i = (it, . . . ,i r ) G I r and j = (ji, . . . , j r ) G J r , /et {j r +i, • • • ,jn} = 
{h---,n}\{j u ...,j r }. Then 

1. Dex K (A) = {A(iJ)- 1 EL r+i a jk®h,-,ir;ji,-,jr,jk I where the elements a 3 - p+1 , . . . , aj n G 
A satisfy the following system of inclusions: 

n 

Y A &ju---Jv-i,jk,jv+u---Jr)aj k £AA(i,i), v = l,...,r}. 

k=r+l 

2. Dei K {A) = {ELr+i a A ~ A (* >j) _1 ED=i A U,(ELr+i a h v ^ k )dj v I ^ere toe e/e- 
ments aj r+1 , . . . , a Jn G A satisfy the following system of inclusions: 

r n 

A(i,j)- 1 ^A iJi/ ( a iAiJ^A «/ = l,...,r}. 

T/ie geometric meaning of these inclusions (in both statements) is that all the coor- 
dinates of the vector Y^l=r+i a jk v hjk e £K=i Q v ijv ^ n ^ e basis v-^, . . . ,v- h j T belong 
to A. 

Proof. Let A = A(i,j) and 5 G Der K (A). Then A5 = Y'l r , , a jk d^ (by 

Proposition 12. 4|) for unique elements aj k G A. By (jHJ), 

n r n 

5 = A-\A a A~Y^Y A (i-Ju---,Ju-i,jk,]u+i,---,]r)a jk )d jlJ ) 

k=r+l v=l k=r+l 

n r n 

= Y a A - J2( A ^ Y A (^'i' • • -Ju-iJkJu+i, ■ ■ ■ ,3r)a jk )d ju 

fc— r+l v=l k=r+l 

n r n 

= Y a iA ~ A ( i 'j) _1 5Z Ai ^( Y VhoA- 

k=r+l u=l k=r+l 

So, both statements are equivalent. Since 5 G Der^A), 6(xj v ) G A for all v = 1, . . . , r. 
This proves the necessary conditions. 

Conversely, suppose that the conditions of the theorem are satisfied for a derivation 

5 = A(iJ)- 1 J2k=r+i a h 9 h '.-j: j r ,j k - Then 5 G Der^(A) since Sfa) G A for % = 1, . . . , n. 

□ 
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Remark. By (J13J) , the system of inclusions in Theorem 12.121 is equivalent to the system 
of inclusions 

n 

det (if (j;ji, . . . ,j v -i,j k ,ju+i, ■ ■ ■ Jr))a jk G A, u = l,...,r, (16) 

k=r+l 

and it does not depend on i. So, any r algebraically independent elements of the ideal I 
give the same coefficients of the above system. So, any r algebraically independent elements 
of the ideal I 'determine 7 (in this way) the module of derivations Der^A). 

Corollary 2.13 Der^(/l)p ~ A p ~ r for each prime ideal p of A such that a r $2 p. 

Proof. Since a r % p, there exists A = A(i, j) g" p, and so A is a unit of the local ring 
A p . Since Der K (A) p ~ Der K (A p ), then by Theorem E321(i), 

n 

Der K (A p ) = ,\ p <),. ir , h ~ ,V ? > ". □ 

k=r+l 

Corollary 2.14 The rank of the r x (n — r) matrix (A(i, ji, . . . , j v -i, jk, ju+i, ■ ■ ■ ,jr)), 
v = 1, . . . , r; k = r + 1, . . . , n, in Theorem \2.1°A (l) is equal to dimg(^^ =r+1 Qv^jA = the 

rank of the r x (n — r) matrix (-J^-), i — i\, ■ ■ ■ , i r ; k — r + 1, . . . , n. 

Proof. By (J11J) . the first matrix multiplied by A -1 (resp. the second matrix) in the 
corollary is the matrix of coordinates of the vectors v- 1} j k ,k = r + 1, . . . ,n in the basis 
Uijj, . . . , Vij r (resp. ei, . . . , e r ). Now, the result is evident. □ 

Clearly, a derivation 5 of A is uniquely determined by its action on generators of the 
algebra A. For the polynomial algebra P n one has a nice formula 5 = ^27=i S(xi)di. The 
next corollary gives a similar explicit formula for 5 in general situation. 

Corollary 2.15 Any derivation 5 G Der^(y4) of the algebra A is uniquely determined by 
its action on any subset of the canonical generators, sayxj r+1 , . . . ,xj n , that are complement 
to a non-singular subset of the canonical generators, say oc 2\ j • • • j 3C j r • 

n r n 

k=r+l v=l k=r+l 

where i = . . . ,i r ) is any element ofI r . 

Proof. By Theorem EEl 5 = ££=r+i a jA ~ J2l=i A i,>(ELr+i Vhi k ) d i» 

for unique elements aj k G A. Clearly, aj k = S(xj h ), and the result follows. □ 
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Corollary 2.16 Keep the notation of Theorem \2.1 6 A Given i, i' £ I r and j £ J r; then for 
each v = 1 r: 



n n 



Afrj)" 1 ^ ^ a^^-J = A(i'J)- 1 A i , > ( ^ a^, ife ) 

fc=r+l fe=r+l 

/or a// a jr+1 , ...,a jn eQ. 

Proof. By linearity, it suffices to prove the equality for all elements aj r+1 , a Jn G 
A(i, j)A(i', j)A For any such a choice of the elements, they determine uniquely a derivation 
5 from Corollary 12.151 where S(xj u ) = aj u , v = 1, . . . ,r (since they satisfy the conditions 
of Theorem 12.121 (2)). We have the same derivation 5 for each pair (i,j) and (i',j). Now, 
comparing the coefficients of dj v in two expressions for 5 in Corollary 12.151 we finish the 
proof (see (fifty ). □ 

For a maximal ideal m of A, k m := A m /mA m ~ A/m is the residue field for m. Note 
that [k m : K] < oo, so k m is a finite separable extension of the field K. Derx(An, k m ) is 
called the tangent space at the point of the algebraic variety V = Spec (A) denoted 

T(V) X . There is a canonical isomorphism of left fc m -modules 

Der^(A m , k m ) -> (m/m 2 )* := Hom fcm (m/m 2 , fc m ), 5 i-> (5 : a + m 2 h-> 5(a) + m). (17) 

This fact is obvious if the field X is an algebraically closed field since then A/m 2 = K © 
m/m 2 . If the field K is not necessarily algebraically closed then using the Hensel's Lemma 
and the fact that the ring A/m 2 is complete in the m-adic topology and k m is separable over 
K one can find an isomorphic copy of the field k m in A/m 2 so that A/m 2 ~ k m Q)m/m 2 . Since 
S(km) = as k m is separable over K, the result follows. The canonical epimorphism A m — > 
k m yields the canonical fc m -homomorphism Der^( J 4 m ) — > Der^(A m , fc m ). In combination 
with p7jl . we have the canonical fc m -module homomorphism 

Der K (A m ) ^ ( m/m 2)* ; 5 + mDei K (A m ) i-> (5: a + m 2 i-> 5(a) +m). (18) 



mDer^(A t1 



Corollary 2.17 For any maximal ideal m of A such that a r (£ m, the map lllfy) is an 

isomorphism (so, at a simple point x = x m of the variety V the tangent space T(V) X is 
canonically isomorphic to DerK{A m )/mDerK{A m )). 

Proof. Since a r % m, there exists A = A(i, j) g" m, and so A is a unit of the local ring 
A m . Since Der^(A) m ~ Der K (A m ), then by Theorem l2~T21 (1 ). 



Der^(A m ) — ^-mdi 1 ,...,i r ;j 1 ,...,j r ,j k — A 



n—r 
m J 



k=r+l 



and so V := Der A -(A m )/mDer^(A m ) ~ fc™ r , hence dim fcm (T') = n — r = Kdim(v4 m ) = 
dimfc m (m/m 2 )* since the point x = x m is simple. Since A -1 ^^,.^ + m 2 ) = 5k,i + m (the 
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Kronecker delta) where k,l = r + 1, . . . ,n, the map T' — > (m/m 2 )* is injective, and so 
T' ~ (m/m 2 )* as the vector spaces have the same dimension over k m . □ 

Definition. For each maximal ideal m of A such that a r C m, let /C m , Z m , and C m be the 
kernel, the image, and the cokernel of the /c m -homomorphism (|18)1. and we have the short 
exact sequence of fc m -modules: 

- iC* - ° n erx( f;\ - (m/m 2 )* - C m 0. (19) 
mDer x (An) 

The vector spaces involved in the short exact sequence and X m are important invariants of 
the singularity at x = x m . 

For each s such that 1 < s < r, let 

dtx K (A) s : = {6 e Der K (A) | 5(A) C a s }. 

Then 

der^(A) C 9er^(A) r C 0er^(A) r _ 1 C • • • C dct K (A) 1 C Der x (A) 
is the ascending chain of left A-modules such that 

[Qtt K (A) s ,Qtt K (A) s ] C 0er^-(v4) s 

for each s. So, each ZJet^A),, is a Lie subalgebra of the Lie algebra Derx(^4)- It fol- 
lows immediately that each Lie algebra 0etx(^4) s is an invariant for the algebra A (i.e. 
a'0zx K (P n /I) s a- 1 = im K (P n >/I') s ). 

For each s such that 1 < s < r, let i = (ii,...,i s ) an d j = (ji, . . . , j s +i) satisfy 
1 < %x < ■ ■ ■ < i s < m and 1 < j\ < • • • < j s+ \ < n. Then 



<9ij ^ii,...,tay*i,...,i«+i • det 



















V % • ■ • 




a r+ i := 0. 





eDer K (A,A/a s+1 ) (20) 



Definition. For the algebra A = P n /I and a given set fi, ■ ■ ■ , f m of generators for the 
ideal /, and for each s such that 1 < s < r, we denote by der^(A) s the left A/a s+ i- 
submodule of Derx(A A/a s +i) generated by all the derivations <9ij from (|2*UJl . 

The derivations <9ij depend on the choice of generators for the ideal /. The next theorem 
shows that the left A/a s+ i-module der K (A) s does not depend on the choice of generators 
for the ideal I and on the choice of presentation of the algebra A as the factor algebra 
P n /I- We call derfc;(v4) s an A/as+i-module of natural derivations from the algebra A to 
A/a s +i. So, higher natural derivations, deiK{A) s , 1 < s < r, are invariants for the algebra 
A. 

Theorem 2.18 For each s such that 1 < s < r, 
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1. the A/a s +i-module derx(^4) s does not depend on the choice of generators for the ideal 
I, and 

2. the A I a s+ i-module derx(^4) s does not depend on the presentation of the algebra A as 
a factor algebra P n /I . 

Proof. 1. Given another set, say gi, ■ ■ ■ ,gi, of generators for the ideal /. Let der K (A)' s 
be the corresponding v4/a s+ i-submodule of Der^(y4, A/a s+ \). Then = Y^k=i a ik9k for 
some aik G P n . Repeating the arguments of the proof of Theorem 12.21 (1). we have, for the 
derivation <9ij from (J2DJ), the equality 

9 iJ = ^det(a M 0^, J (21) 

i' 

where i' = . . . , i' s ) runs through all the s-tuples such that 1 < i[ < • • • < i' s < I, is 
an s x s matrix with (z/, /i)-entry equal to a^y G A/a s +i, and d[, - 3 is the derivation (|2T)|) 
for the second choice of generators. It follows that der K (A) s C der^(A)' s . By symmetry, 
the opposite inclusion is also true which proves that der^(A) s = der K (A)' s . 

2. The proof of this statement is similar to the proof of the second statement of Theorem 
12.21 wee keep the notation from there. Given another presentation P n i / 1' for the algebra 
A where P n i = K[x[, . . . , x' n ,}, etc. Then the canonical generators for der^(P n+n ///") s 
(see the proof of Theorem 12.21 (2)) has the form d"- } := ft ) n+i,...,n+n / a,n+i,...,n+n' where 
i = (ii, . . . ,i s ) and j = (ji, . . . ,j s +i)- The actions of the derivations d"- } and <9ij on the 
generators x 1; . . . ,x n of the algebra A = P n /I = P n+n i/I" coincide, therefore d"- } = <9ij, 
and so der^(yl) s ~ der^A)". By symmetry, we have der k(A)' s ~ deiK(A)", and the result 
follows, where derx(A)' s and der K (A)^ are the natural derivations for the presentations 
P n '/P and P n+n '/I" respectively. □ 

For each s such that 1 < s < r, let DttK(A) s be the image of the natural map 

Dtt K (A) s -> Der K (A, A/a s+1 ), 5 i-» (a i-> 5(a) + a s+1 ). 

Clearly, Oet^(A) s is a left A/c^+i-sub module of Derx(A, A/a s+ i) and derK{A) s C QztK(A) s . 
Question. When deiK(A) s = dttK{A) s ? 

Corollary 2.19 For each s such that 1 < s < r, 

1. dex K (A) s (A) =dtx K (A) s (A) = a s /a s+ i ; 

2. deiK(A) s and Dcxk{A) s are invariant under the action of the group Autx(y4). 

Proof. 1. Since d il> ... jis . ju _ >jsjk (x k ) = A(i x , . . .,i s ;ji, ...,j s ) + a s+ i we have a s /o s+ i = 
der K (A) s (A) C Ut K (A) s {A) C a s /a s+1 . 

2. Since the Jacobian ideals are invariant under the action of the group Aut^-(v4), the 
result for deiK{A) s follows from Theorem 12 . 1 81 and for Dcxk{A) s from the definition. □ 
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3 Defining relations for the ring of differential opera- 
tors on a smooth irreducible affine algebraic variety 

In this section, Theorems 1 1 . 1 [ rOl and HTH will be proved. On the way, a short direct proof 
will be given of the fact that the algebra of differential operators on a regular affine domain 
is a simple Noetherian algebra generated by the algebra and its derivations ( Theorem 13. 7j) . 

Theorem 3.1 Let the algebra A be a regular algebra. Then T>(A) — > Yliei r jeJ r ^(^) A (iJ) 
is a left and right faithfully flat extension of algebras where P(_A)A(ij) is the localization of 
the algebra T>(A) at the powers of the element A(i,j). 

Proof The algebra A is regular, so A = a r = (A(i, j)), hence the ideal of A generated 
by any power of the elements is also equal to A. The extension is a flat monomorphism. 
Suppose that the extension is not, say left faithful, then there exists a proper left ideal, 
say L, of T>(A) such that Yli j ^(^4)A(i,j) ®v(A) ('D(A)/L) = 0, equivalently, there exists a 
sufficiently large natural number k such that A(i, j) fc G L for all i, j. Since A = (A(i, j) fc ) C 
L, we must have L = T>(A), a contradiction. □ 

Let R be a (not necessarily commutative) algebra over a field K, and let 5 be a K- 
derivation of the algebra R. For any elements a, b G R and a natural number n, an easy 
induction argument gives 



It follows that the kernel C(5,R) := ker<5 of 5 is a subalgebra (of constants for 5) of R 
(since S(ab) = 6(a)b + aS(b) = for a, b G C(S,R)), and the union of the vector spaces 
N(5,R) = Uj>o N(6, i, R) is a positively filtered algebra (so-called, the nil-algebra of 5) 
where N(5, i, R) := {a G R\ 5 l+1 (a) = 0}, that is 



Clearly, N(S, 0, R) = C(5, R) and N(5, R) := {a G R \ 5 n (a) = for some natural n}. 

A K- derivation 5 of the algebra R is a locally nilpotent derivation if for each element 
a G R there exists a natural number n such that S n (a) = 0. A /^-derivation 5 is locally 
nilpotent iff R = N(S, R). A derivation of R of the type ad(r) : x \— > [r, x] := rx — xr is 
called an inner derivation of R where r G R. 

The Zariski Lemma is instrumental in dealing with derivations on complete local com- 
mutative rings. 

Lemma 3.2 ('Zariski Lemma, Jjfl) Let C be a complete local commutative ring and d be 
a derivation of C sending a non-unit into a unit. Then C = Cq[[x]] for some ring Cq with 




i=0 



N(5,i,R)N(5,j,R) C N(5,i + j,R), for all i,j > 0. 



d(C ) = 0. 
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We need a noncommutative analogue of the Zariski Lemma ( Lemma 13. 3|) . 

Given a ring R and its derivation d. The Ore extension R[x; d] of R is a ring freely 
generated over R by x subject to the defining relations: xr = rx + d(r) for all r G 
.R. i?[a;; d] = ©^q-R^ 1 = ©ix) 2 -*-^ * s a ^ an d right free -R-module. Iterating the 
construction one gets an iterated Ore extension R[x\; d\] • ■ ■ [x n ; d n ]. A particular kind of 
an iterated Ore extension will appear in the proof of Theorem 13.41 given a set commuting 
derivations di, . . . , d n of the ring R, and a set commuting indeterminates t±, . . . ,t n , then 
S := R[ti, . . . , t n \ di, . . . , d n ] is a ring freely generated by R and (commuting) elements 
t\, . . . , t n subject to the defining relations: Ur = rtj + di(r) for all r G R and i = 1, . . . , n. 
S = aeN n Rt a = QeN „ t a R is a left and right free -R-module. The ring S is Noetherian 
iff the ring R is so. 

Lemma 3.3 Let R be an algebra over a field K of characteristic zero and 5 be a K- 
derivation of R such that 8 {x) = 1 for some x 6 R. Then N(8, R) = C(8, R) [x; d] is the Ore 
extension with coefficients from the subring C(8, R) := ker 8 of constants of the derivation 
8, and the derivation d of the algebra C(8, R) is the restriction of the inner derivation ad a; 
of the algebra R to its subalgebra C(8, R). For each n > 0, N(8, n, R) = @™ =0 C(8, R)x l . 

Proof. For each element c e C :— C(8, R), 

6([x,c]) = [8(x),c] + [x,8(c)] = [l,c] + [x,0] = 0, 

thus d(C) C C, and d is a i^-derivation of the algebra C. 

First, we show that the i^-subalgebra N' of := N(8, R) generated by C and x is the 
Ore extension C[x; d]. We have N' = J2i>o srnce > f° r eacn c £ C , xc — cx = d(c). So, 
it remains to prove that the sum J2i>o Cx % of left C-modules is a direct sum. Suppose this 
is not the case, then there is a nontrivial relation of degree n > 0, 

Co + C\X H V c n x n = 0, d G C, c n ^ 0. 

We may assume that the degree n of the relation above is the least one. Then applying 8 
to the relation above we obtain the relation 

ci + 2c 2 x H h nCnX™" 1 = 

of smaller degree n — 1 since nc n ^ (char K = 0), a contradiction. So, N' = C[x; d]. 

It remains to prove that iV = N' . The inclusion N' C N is obvious. In order to prove 
the inverse inclusion it suffices to show that all subspaces N(8,i,R) belong to N'. We 
use induction on i. The base of the induction is trivial since N(8,0,R) = C. Suppose 
that i > 0, and N(8,i — 1,R) C N'. Let u be an arbitrary element of N(8,i,R). Then 
8(u) G iV(5, i — 1,R) C iV'. For an arbitrary element a = c j x ^ ^ N', we have 8(b) = a 
where b = ^2 (j + l)~ 1 Cjxi +1 G iV'. Therefore, in the case of a = 8(u) G N', we have 
8(u) = 8(b) for some b G iV'. Hence, 5(u — b) = 0, and w G 6 + C C N'. This means that 
N = N' , as required. □ 
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Theorem 3.4 Given i = {ii, . . . , i r ) G I r and j = (ji, . . . ,j r ) G J r; z.e. A = A(i,j) 7^ ; 

and {jr+i, ■ ■ ■ j n } = {!)••• , ^}\{ii) • • • ijr} an d let A A be the localization of the algebra A 
at the powers of the element A. Then 

1. the algebra T>(A A ) of differential operators on A A is a simple Noetherian algebra 
equal to the algebra A A {dy^j r+1 , . . . , c^j^v+n) (generated by A A and Der^^A) in 
KihM.Ia!/'. 

2. Ber K (A A )=^ =r+1 A A d i .^. 

Proof. Without loss of generality we can assume that i = (1,2, ... ,r) and j = 
(1,2,. ..,r). Let 

d r+ \ := A <9i ; j ir+ i, . . . , d n :— A di-^ n . 

Then di(xj) = 5ij for all z, j = r + 1, . . . n. Each derivation [di,dj] (the commutator of 
derivations) annihilates the polynomial subalgebra K[x r+ i, . . . , x n ] of the finitely generated 
domain A, and both algebras have the same Krull dimension n — r. Since K has char- 
acteristic zero, it follows that the derivations <9j commute. Clearly, the inner derivations 
ad(x r+ i), . . . , ad(x n ) of the algebra E := End^(ylA) commute. Applying several times 
Lemma EO we see that the algebra 

n 

N = iV(ad(x r+1 ), . . . , ad(x n );E) := f] N(&d(xi), E) = C[d r+ i, ...,d n ; ad(<9 r+1 ), . . . , ad(<9 n )] 

i=r+l 

is an iterated Ore extension with coefficients from the algebra C := n" =r+1 ker(ad(a;i)). So, 
any element u of N is uniquely written as a sum u = J2 a &n n - r c ad a , c a G C. The algebra 
N = Uj>oiVj has a natural filtration by the total degree of the <9;th Clearly, T>(A A ) C N 
and T>(A A )i C N for each i > 0. Let us prove, by induction on i, that T>(A A )i = Di : = 
J2\ a \<i ^Ad a . The case % = is true, V(A A ) = A A = D . Suppose that i > 0, and by 
induction D(AA)i-i = A-i- Take u G V(A A )i. Since V(A A )i C jVj, u = J2\ a \<i c oid a for 
some c a G C. For each j — r + 1, . . . ,n, ad(xj)(u) = ^]|a|<j "jC a <9 Q " ej £ ^(^a^-i = A-i, 
therefore all c a G Aa such that a / 0. Since Co = u — ^2 aj L c a d a G C fl ©(Aa)^ 
it follows from the claim below that Co G Aa- Therefore P(Aa) = Di, and so P(Aa) = 
A A (d r+ \, . . . ,d n ). Since, on the one hand, D(Aa)i = A A © Der^(AA) (this is true for 
any commutative algebra), and, on the other hand, V(A A )i = A A ©EILr+i ^A^i), we 
must have DeiK(A A ) = 2~^™ =r+ i ^A<9j- So, the algebra V(A A ) is generated by the algebra 
A A and the derivations DerR-(ylA)- The derivations d r+ \ : = A^di^r+i, . . . , d n := A _1 <9i ; j in 
are equal to the partial derivatives d f +1 , • • • , gf- respectively. So, the algebra D(v4a) is 
a factor algebra of the iterated Ore extension Aa^+i, • ■ ■ ,t n ; Q ® , . . . , ^-] which is a 
Noetherian algebra since the algebra A A is so. Then T>(A A ) is a Noetherian algebra. 
Claim. C n £>(Aa); = A A /or a// z > 0. 

We use induction on i. The case when i = is trivial, C fl T>(A A )o — C n Aa = 
Note that C is an ^A-bimodule, and so is invariant under ad(a) for any a G Aa- If the 
intersection Jj := C fl ^(^a)* 7^ ^4a for some i > 1, then obviously ii 7^ Aa- Fix an 
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element, say c G Ii\Aa, and an element a G such that 0^6:= ad(a)(c) e J = A\- 
The map c : Aa — > ^a is a if [x] -module homomorphism where K[x] = K[x r+ i, . . . x n ]. Let 
Q and K(x) be the field of fractions of the algebras and K[x] respectively. The fields 
Q and K(x) are finitely generated over K and have the same transcendence degree n — r 
over Therefore [Q : -K'(x)] < oo and Q = K(x) ®k[x] A&. Localizing at i^[x]\{0}, one 
can extend uniquely the map c to a K(x)-\h\b&t map from Q to Q. Let p(t) G K(x) [t] be a 
monic polynomial of least degree such that p(c) = 0. Then = (ad a) (p(c)) = p'(a)b where 
P' = dx' anc ^ so = ^- This contradicts the minimality of p (char K = 0). Therefore, 
ij must be equal to A a for alH > 0. 

Let L be a nonzero ideal of X>(Aa). It remains to prove that L = T>(A^). Take 
a nonzero element, say u, of L. Applying several times maps of the type &d(xj k ), r + 
1 < k < n, to the element w we have a nonzero element, say «i G L fl Aa- Since 
Kdim(AA) = Kdim(if[x r+ i, . . . ,x n ]), we must have A&ui H K[av+i, . . . ,x n ] ^ 0. Pick a 
nonzero element, say w 2 , of the intersection, then applying several times maps of the type 
ad((9 Xfe ), r + 1 < k < n, we have a nonzero scalar, hence L = T>(A). This proves that the 
algebra T>(A&) is a simple algebra. □ 

Corollary 3.5 The derivations A(i, j) (^j^v+ij . . . , A(i, j) (\y n from Theorem \3.4\ are 
respectively the partial derivatives dj r+1 := — , . . . , dj n := J^— of the algebra A& (and of 

the field of fractions of A). 

Remark. The equality dj r+k := — means that the derivation dj r+1 is a unique 
extension of the partial derivative — of the polynomial algebra K[x r+ i, . . . ,x n ) to the 

J-r-f-1 

algebra A&. 

Corollary 3.6 Let Q be the field of fractions of the algebra A. Under the assumption of 
Theorem \3.J\ the algebra T>(Q) is generated by the field Q and the derivations di$j r+1 , . . . , 
and Der K (Q) = 0£ =r+1 Qd- V>i , jk . 

Proof. Note that V(Q) ~ Q ®a a T>(A^) and Der K (Q) ~ Q ® Aa Der K (A A ), and the 
results follow from Theorem 13.41 □ 

As a corollary we have a short (new) proof of the following key result on differential 
operators on a regular algebra. 

Theorem 3.7 Let the algebra A be a regular algebra. Then the algebra T>(A) of differential 
operators on A is a simple Noetherian algebra generated by A and Derx(^4). 

Proof. Let A be the subalgebra of Endi^(A) generated by A and Der k{A). By Theorem 
13 A\ P(A)A(ij) = AA(ij) for all non-singular i and j, or equivalently f] ; j ^(-^-)A(ij) ®v(A) 
(V(A)/A) = 0. By Theorem EU we must have V(A) = A. By Theorems EH1 and HOI 
T>(A) is a simple Noetherian algebra. □ 

Proposition 3.8 Let i, i' G I r , j = (ji, . . . ,j r ) G J r , j' = . . . , j' r+1 ) G J r+1 , and 
{jr+i, ■ ■ -jn} = {!,•• -,n}\{ji, . . .,j r }. Then 
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1. 

s 

dv,y = A(i, j)- 1 ^(-l)*- +1+ ^A(i' ; j[, ...../I,.. .JUi)^ (22) 
1=1 

where . . . J' Vs are the elements of the set . . . J' r J' r+1 }\{ji, •••,>}■ 
2. d v ,y = i D'- 1 -^^ f f "Xr Provided A(i; j[, ....][,.. .,f r+1 ) ? 0. 

Proof. 1. By Theorem I2.12[ <9i/j/ = A(i, j) -1 X]fe=r+i ^fc^aJ* f° r some ^Jfc £ ^- For each 
= r + 1, . . . , n, d^j^Xj ,) = 5fc,fc'A(i, j). Then evaluating the equality above at one 
gets the equality X k = d v ^{x jk ). So, \ k = if j fc £ {j^, . . . ,j' Us }, and if j k = j' n then 
Afc = (— \y+ 1+u i A(i; . . . , . . . , Jr+i)- This finishes the proof of the first statement. 

2. By the first statement where we put j = . . . , j' k , . . . , j' r+1 ), we have <9i/j' = 

( 1 \r+l+fc Ni'iilvjL-Jr+i) a r— 1 

y l > Aii,,; f L ,J ' - U _ 

Remark. Let us fix elements i e I r and j e J r . Then, for each i' e I r and j' 6 J r+1 (as 
above), let a(i', j') be the vector of coefficients (A r+ i, . . . , A„) from the proof of Proposition 
13.81 If A is a regular algebra, the vectors a(i', j') form a generating set for the A-module of 
solutions to the system of inclusions from Theorem 12.121 (bv Theorem 12. 5 j) . 

Proof of Theorem 11.21 Let D = D(A) be the algebra generated by A and d\j that 
satisfy the defining relations (@J and ©• By (jU, the inner derivation ad(dy) of the algebra 
D acts on the algebra A as the derivation <9ij. There is a natural i^-algebra epimorphism 
D — > X> = ©(A) which maps a i— > a (a G A) and d^ i— > <9ij. Since A is a subalgebra of 
T>, the algebra A is a subalgebra of D as well. It follows from (jlj) that -D = ^ Ad* • • • d* 
where <i* stands for any element dy, and then for any element O^sei there exists a left 
and right Ore localization of the algebra D at the powers of the element s, denoted D s , 
and D s = A s d* ■ ■ ■ d*. We have a commutative diagram of algebra homomorphisms 

D >■ Iliei.jeJ, D A(ij) 



v — - n ie i r JeJr ^A(ij) 

where horizontal maps are faithfully flat extensions (since A = (A(i, j))iei r jej r as A is 
regular) and vertical maps are epimorphisms. By Proposition 13 . 81 and (jSJ), the epimorphism 
-DA(ij) ~~ > ^A(ij) is in fact an isomorphism. So, the right vertical map is an algebra 
isomorphism. Then the left vertical map must be an isomorphism (by faithfully flatness), 
i.e. D ~ V. □ 

Proof of Theorem 11.11 The arguments are similar to that in the proof of Theorem 
11.21 Let DER(A) be a left A-module generated by symbols <9ij subject to the defining 
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relations We have a commutative diagram of left A-modules: 



DER(A) 



n 



ieirjeJ 



DER(A) A(iJ) 



Der K (A) 



n 



ieirjeJ 



p Der iC (A) A(iJ) 



where horizontal maps are faithfully flat A-module monomorphisms as A = (A(i, j))iei r jej r 
(A is regular) and vertical maps are natural A-module epimorphisms. By Proposition 13.81 
Theorem l2.12l and (|T|). each epimorphism DER(A) A (y) — > Derft-(A) A (ij) is an isomorphism. 
So, the right vertical map must be an isomorphism, and so the left vertical map must be 
an isomorphism (by faithfully flatness), i.e. DER(A) ~ Derx(A). □ 

Proof of Theorem HH (1 2) By Theorem PI V(A) = 23(A) and the result 
follows from Theorem 11.31 (or from Theorem 13. 7j) . 

(2 =>- 3) Suppose that the 23 (A)-module A is not simple then it contains a proper ideal, 
say a, stable under der^A). Then a23(A) is a proper ideal of the algebra 23(A) since 
7^ a23(A)(A) C a, a contradiction. 

(3 => 1) By Lemma EH derR-(A)(A) = a r is a nonzero 23(A)-submodule of A, therefore 
A = a r since A is a simple 23(A)-module. So, A is a regular algebra. □ 

Any element 5 of the algebra 2) (A) is a sum of elements a<i where a G A and <i 
is a product of the derivations <9ij. So, the algebra 23(A) = Uj> 23(A)j has a natural 
filtration by the total degree of natural derivations, and the associated graded algebra 
gr 23(A) := Q) i>0 Q(A) i /®(A) i _ 1 is a commutative finitely generated algebra. Therefore, 
the algebra 23 (A) is a (left and right) Noetherian algebra. The algebra 23(A) is a domain 
as a subalgebra of the domain T>(Q). Kdim stands for the (left or right) Krull dimension 
(they both coincide for algebras we consider). For a definition and properties of Kdim the 
reader is referred to [U], Ch. 6. 

Lemma 3.9 1. The algebra 23(A) is a (left and right) Noetherian domain. 

2. GK (23(A)) = 2Kdim(A). 

3. Kdim(A) < Kdim(23(A)) < 2Kdim(A). 

4. If A is a regular algebra then Kdim(23 (A)) = gldim(23(A)) = |GK (23(A)) = Kdim(A). 

Proof. 2. Let d = Kdim(A). Recall that GK (A(A)) = 2d ( 6J, 15.3.6. (ii)) . Then 
23(A) C A(A) implies GK (25(A)) < GK (A(A)) = 2d. 

Fix i G I r and j G 3 r then A = A(i, j) 7^ and the localization A A of the algebra A at 
the powers of the element A is a regular algebra, and so the algebra 23 (A A ) = £>(A A ) — 
£>(A) A (Theorem II. 2|) contains the Weyl algebra A n _ r = K(xj r+1 , . . . , Xj n , dj r+1 , . . . , dj n ) 
(see Corollary 13.51 and Theorem 13 .4|) . It follows immediately that standard monomials 
in x jr+1 , ...,x jn , <9 i;jijr+1 := Ad jr+1 , <9 i;jJn := Ad jn G 13(A) are K- linearly^ independent 
in 23(A) (a standard monomial means an element of the type x™ r+1 • • ■ x^d^f 1 ■ ■ -dV^ 1 , 
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where n r+ i, . . . ,m n are non-negative integers). Therefore, GK(D(A)) > GK (A n - r ) = 
2(n -r) = 2d, and so GK (2)(A)) = 2d. 

^ 3. J) (A) A ~ T)(A A ) = V(A A ) implies Kdim(D( A)) > Kdim(£>(A A )) = Kdim(A A ) = d. 
Recall that the algebra D (A) = Ui>o'D(A)i is the filtered algebra such that the as- 
sociated graded algebra gr(S}(A)) is a commutative finitely generated algebra, and so 
Kdim(gr£(A)) = GK (giD(A)) (0, 8.2.14). 

Kdim(D(A)) < Kdim(gr 25(A)) ([,6], 6.5.6) 

= GK (gr®(A)) < GK (T)(A)) = 2d (0,8.3.20). 

4. If A is regular then ®(A) = T>(A), and for the algebra T>(A) the statements are 
well-known (see Chapter 15). □ 

4 Generators and defining relations for the ring of 
differential operators on a regular algebra of essen- 
tially finite type 

In this section, we prove that the main results for the algebra A (Theorems 11.11 H-2| and 
11.4)1 also hold for localizations of the algebra A. 

Definition. A localization of an affine algebra is called an algebra of essentially finite 
type. 

Let A := S^A be a localization of the algebra A = P n /I at a multiplicatively closed 
subset S of A. Recall that the functors Der^(-) and T>(-) commute with localizations: 
Der^S- 1 A) ~ S~ Xl Dex K {A), V{S~ l A) ~ S~ 1 V(A) and V(S- 1 A) i ~ S~ 1 V(A) i for all 
i > 0. 

Definition. The ^4-module der K (A) := £)iei r jeJr i * s cane d the ^.-module of 

natural derivations of the algebra A of essentially finite type, and the subalgebra of T>(A) 
generated by A and deixiA) is called the algebra of natural differential operators on 
A denoted D(A). 

By the very definition, the functors der^(-) and £)(■) commute with localizations: 
der^VU) ~ S^deiKiA), ^(S^A) ~ S~ 1 D(A) and D(S ,_1 v4) i ~ S' _1 S?(yi) i for all 
i > 0. 

The next lemma follows from these facts and from Theorem 12.21 

Lemma 4.1 1. The A-module deix{A) does not depend on the choice of presentation 
of the algebra A as S^PjI (i.e. S^PjI ~ S'- l P n >/V implies dei K (S- l P n / 1) ~ 
der K (S'- 1 P n ,/I')). 

2. The algebra of natural differential operators D(A) on A does not depend on the 
presentation of the algebra A as S~ x P n /I. 
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The Jacobian criterion of regularity holds for the algebra A: the algebra A is a regular 
algebra iff S^ 1 ^ = A (0, Theorem 30.3 and Remark 2, p. 235). So, if the algebra A is 
regular we have the faithfully flat extension of left ^4-modules: 

Der^(^l) -> Yl D erx(-4)A(ij), 

iGlrjeJr 

and the faithfully flat extension of algebras 

v(A)^ n p (^)A(ij)- 

iGlrjeJr 

These are the main ingredients of the proofs of Theorems 11.21 and 11.11 Now, the analogous 
results for the algebra T>(A) follow easily using the facts that that differential operators 
and natural differential operators commute with localizations. 

Theorem 4.2 Let the algebra A be a regular algebra. Then the left A-module Dei^iA) is 
generated by derivations dij, i G I r; j G J r+ i that satisfy the defining relations ^ (as a 
left A-module) . 

Proof. Repeat the proof of Theorem 11.11 □ 

Theorem 4.3 Let the algebra A be a regular algebra. Then the ring of differential oper- 
ators T>(A) on A is generated over K by the algebra A and the derivations dij, i G I r , 
j G J r+ i that satisfy the defining relations (QJ) and (0). 

Proof. It is well-known that the ring of differential operators on a regular domain of 
essentially finite type is generated by the algebra itself and its derivations. By Theorem 
14.21 the algebra T> [A) is generated by A and d^, i G I r , j G J r+ i. It is well-known that the 
algebra T>(A) is a simple Noetherian domain. Now, the facts just mentioned and proved 
and using the faithfully flat extension of algebras T>(A) — > Yliei r jeJr ^(^)A(ij)i one can 
repeat word for word the proof of Theorem 11.21 to finish the proof of theorem. □. 

Theorem 4.4 ( Criterion of regularity via D(A) ) The following statements are equivalent. 

1. A is a regular algebra. 

2. ®{A) is a simple algebra. 

3. A is a simple D (A) -module. 

Proof. (1 =>■ 2) If A is a regular algebra then T>(A) is a simple Noetherian algebra 
generated by A and Der^(^4). By Theorem 14 .31 Der^(^4) = der^(^4), hence Q(A) = T>(A) 
is a simple algebra. 

(2 =^ 3) Suppose that the D (A) -module A is not simple then it contains a proper ideal, 
say a, stable under der^(^4). Then aD(A) is a proper ideal of the algebra D(A) since 
7^ aD(^4)(^4) C a, a contradiction. 
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(3 => 1) Lemma 12.71 holds for the algebra A as well (with the same proof), and so 
derx(^4)(^4) = S ,_1 o r is a nonzero S)(^4)-submodule of A, therefore A = S^dr since A is 
a simple D (A) -module. So, A is a regular algebra. □ 

The algebra T)(A) = Ui>oD{A)i has a natural filtration by the total degree of natu- 
ral derivations, and the associated graded algebra grD(A) := ® i>0 5) (A)i/D {A)i-\ is a 
commutative finitely generated A-algebra. 

Lemma 4.5 1. The algebra D{A) is a (left and right) Noetherian domain. 

2. GK (D(A)) = 2GK{A). 

3. Kdim(A) < Kdim(5)(A)) < 2GK(A). 

Proof. 1. Since D(A) = 5)(S'~ 1 A) ~ S~ 1 D(A), the algebra D(A) is a Noetherian 
domain fLemma 13.91 (1)). 

2. AC ACQ implies (by Lemma EH (2)) 

2GK(A) = 2GK (A) = 2Kdim(A) = GK (55(A)) < GK (D(A)) 
< GK (V(Q)) = 2GK (Q) = 2GK (A), 

and so GK (5) (A)) = 2GK (A). 

3. Fix i G I r and j G J r then A = A(i, j) ^ 0, and the localization Aa of the algebra A 
at the powers of the element A is a regular algebra. 5) (A) a — 5)(Aa) = ^(Aa) (Theorem 
14 .3|) implies Kdim(5)(A)) > Kdim(X>(A.A)) > Kdim(A.A), the last inequality is due to the 
fact that the map U i— > V(Aa)U (resp. U \— > UV(Aa)) from the set of ideals of the 
algebra A a to the set of left (resp. right) ideals of the algebra V (A a) is an injection since 
V{Aa) = Aa © T>{Aa)^^k{Aa) (resp. V(A A ) = A A © Der K (AA)T>(A A ))- Now, 

Kdim(D(A)) = Kdim(^ 1 P(A)) < Kdim(£>(A)) < 2Kdim(A) = 2GK (A) = 2GK (A), 

by Lemma EH (3). □ 

Remark. A typical situation when the results of this section can be applied is the ring of 
differential operators on the algebra of regular functions in the neighbourhood of a simple 
point (of a singular variety): given a prime ideal p of A such that a r $2 P, then A p is a 
smooth domain of essentially finite type, and so for the ring of differential operators T>(Ap) 
all the results of this section hold. 

5 Ring of differential operators on a singular irre- 
ducible affine algebraic variety 

Lemma 5.1 Let R = K{x\, . . . ,x n ) be a commutative finitely generated algebra over the 
field K , and T>(R) be the ring of differential operators on R. Each element 5 G T>(R)i is 
completely determined by its values on the elements x a , a G N n , \a\ < i. 
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Proof. It suffices to prove that given 5 G T>(R)i satisfying S(x a ) = for all a such that 
\a\ < i then 5 = 0. We use induction on i. The case % = is trivial: 5 G T>(R) = R 
and = 5-1 = 5. Suppose that the statement is true for all i! < i. For each Xj, 
[5,Xj] G T>(R)i-i and, for each x a with \a\ <i — 1, [5, Xj](a; a ) = 5(a? 3 a; a ) -Xj5(i Q ) = 0. By 
induction, [5,Xj] = 0. Now, for any x a , 

5{x a ) = 5(xjX a ~ ej ) = Xj5{x a -^) + fax^x"-*') = x j( 5(x a - e = • • • = = 0, 

and so 5 = 0, as required. □ 

Let S be a multiplicatively closed subset of the algebra A. Let us consider a natural 
inclusion T>(A) C S^X^A) of filtered algebras (by the total degree of derivations). T>(A) = 
{5 G S~ 1 V(A) | 5(A) C A} and = {5 G ^©(A); | 5(A) C A}, i > 0. 

Lemma 5.2 Given 5 G S~ 1 V(A) i . Then 5 G X>(A) iff 5{x a ) G A /or all a such that 
\a\ < i. 

Proof. (=^>) Trivial. 

We use induction on i. When i = 0, 5 G 5 _1 X>(A) = and 5 = 5(1) = 5-1 e 

A. Suppose that the statement is true for all i' < i. Let 5 G S~ 1 V(A)i satisfy 5(x a ) G A for 
all a such that |a| < i. For each j, [5,Xj] G S~ 1 V(R) i _i and, for each x a with |a| < i — 1, 
[5, Xj](x a ) = 5(xjX a ) — Xj5(x a ) G A, and so, by induction, [5,Xj] G P(A)j_x. Now, for any 

x a , 

5{x a ) = 5{xjX a - e >) = Xj5{x a -^) + [5, x j ](x a - e ') = x,<5(x a ~ ej ) mod A 
= ■■■ = x a 5(l) = 0modA J 

and so 5 G X>(A);. □ 

Proposition 5.3 Suppose that i = (ii,...,i r ) and j = (ji,---,j r ) are non-singular, 
let d jr+1 := A -1 9ijj r+1 , . . . , d jn := A _1 ^j Jb w/iere A = A(i,j) and {j r+1 , . . . , j n } = 
{1, ■■■,n}\{ji, ...,j r }- 

1. For each i > 0, V(A)i = {5 G J2\ a \<i Ada I K xf> ) E A f or al1 P E N ") where a = 
(a r +ij • • • 5 a n) G N"~ r and d a = rifc=r+i ®j£ (recall that the derivations dj r+1 , . . . , dj n 
commute). 

2. For each i > 0, T>(A)i is a finitely generated left A-module. 

Proof. 1. Clearly, £>(A); = {5 G Y.\ a \<i A ^ a \5(A) C A}. Then, by Lemma Ol 
= {5 G E| Q |<i^A9 a | 5(x^) C A for all (3 G N n such that |/?| < i}- Note that 
dj , r = tt-^ — ; . . . , 9i = o^-. Then the conditions that <5(:c] r+1 • • • x?" ) G A for all 7 = 

(7r+i, • • • >7n) e N n ~ r with I7I < z are equivalent to 5 G J2\ a \<i A ^ a - This gi yes the first 
statement. 

2. T>(A)i is a Noetherian left A-module as a submodule of the Noetherian A-module 
J2\ a \<i A d a > an d so £>(A)i is a finitely generated left A-module. □ 
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